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Abstract
A new version of the Casimir effect where the two plates conduct
in specific, different, directions is considered. By direct functional
integration the evaluation of the Casimir energy as a function of the
angle between the conduction directions is reduced to quadratures.
Other applications of the method and a magnetic Casimir variant are
mentioned.
The Casimir force per unit area [1]
Fcas(a)
A
= −
π2
240
h¯c
a4
(1)
attracts two parallel conducting plates at a distance a apart in vacuum. Its
independence of atomic and QED parameters reflects the perfect conductor
idealization where all details are subsumed into boundary conditions Ex =
0, Ey = 0 at z = 0 or z = a. These, in turn, quantize the z component of
the wave number vector for modes in the region between the plates, kz =
nπ
a
.
The problem then reduces to evaluating the change in vacuum energy of all
the transverse modes inside this region:
Ecas
A
=
∫
dkxdky


∑
n
√
k2x + k
2
y +
(
nπ
a
)2
−
a
π
∫
dkz
√
k2x + k
2
y + k
2
z

 (2)
A careful regularization of this formally divergent expression yields [2]
Ecas(a)/A = −π
2h¯c/(720a3) and Fcas = −
d
da
Ecas(a).
The tiny Casimir forces are elusive. Past efforts [3] verified Eq. (1) rather
roughly and only recently a 5% precision experiment was done [4].
In this paper we focus mainly on a new variant of the Casimir effect: each
of the two plates conduct in a specific direction: eˆ1 for plate one and eˆ2 on
plate two so that only the components ~E · eˆ1 and ~E · eˆ2 need to vanish on
plates I and II respectively, and eˆ1 · eˆ2 ≡ cos β is arbitrary.
The two polarizations contribute equally to Fcas. By the above “twist”
these polarizations can generate a controlledW (β)cas , F
(β)
cas and a Casimir torque,
τ (β)cas .
The Casimir force can be derived also [5] by evaluating the pressure im-
balance due to reflection of “vacuum modes” off the outside surface of the
plate and of the (fewer) internal modes off the inside surfaces.
If the two plates are replaced by arrays of only vertical (or horizontal)
conducting wires (mimicking the anisotropic conductivities) then only the
eˆy(eˆx) polarized modes will be reflected suggesting that we have half the
Casimir force. We also expect further reduction [6] of the Casimir force as
β, the angle between the directions of the two sets of wires (or the directions
of conductivity in the two plates) increases from β = 0 to β = 90.
We will next present an exact evaluation of Wcas(β, a) for general β’s us-
ing an altogether different method [7]. We add to the free electromagnetic
1
action Sem = −
1
4
∫
F 2d4x a Lagrange multiplier term
∫
J · Ad3x (where the
last integral is only over the area-time of the plates). The functional inte-
gration over DJ ensures the vanishing of the transverse electric field ET over
the plates. Since we want the Aµ field to vanish only up to gauge transforma-
tions we integrate only over conserved currents J . Also since only transverse
components of E have to vanish we allow J to have components only in the
three-dimensional area-time of the plates i.e. J = (Jx, Jy, Jt). Thus we will
write for the partition function
Z =
∫
DADJ exp
(
−i
∫
d4x
1
4
F 2 + i
∫
d3xA · J
)
(3)
The only difference in the case of interest, where each plate conducts in a
specific direction, is that only one component of ET has to vanish on each
plate. This can be achieved by further restricting the allowed currents J .
Hence Eq. (6) and its consequences remain correct as long as we remember
to interpret
∫
DJ differently. Changing the order of integration and doing
first the standard DA integration yields:
Z =
∫
DJ exp
(
−
i
2
∫
Jµ(x)∆F (x− y)J
µ(y)d3xd3y
)
(4)
where ∆F (x − y) =
1
4π2i
1
(x−y)2−iǫ
is the massless Feynman propagator [8]
(constant’s coefficients such as the 1/4π2 above contribute only an overall
multiplicative factor or an additive term to the energy and will be discarded
henceforth). Denoting the currents on the first and second plates by J1 and
J2, we have the more explicit expression for Z:
∫
DJ · exp−i
∫
d3xd3y
(
J1(x) · J1(y) + J2(x) · J2(y)
(x− y)2 − iǫ
+
2J1(x) · J2(y)
(x− y)2 − a2 − iǫ
)
(5)
or after a Wick rotation
∫
DJ · exp−
∫
d3xd3y

 ~J1(x) · ~J1(y) + ~J2(x) · ~J2(y)
(x− y)2
+
2 ~J1(x) · ~J2(y)
(x− y)2 + a2

 (6)
where we think of ~J1,2 as of ordinary 3-vectors in ordinary 3-dimensional
Euclidean space (although it is actually spanned by x, y, t). Fourier trans-
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forming in ~x = (x, y, t) this becomes:
∫
DJ(~k) exp −
∫
d3k

 ~J1(~k) · ~J1(−~k) + ~J2(~k) · ~J2(−~k)
k
+
2 ~J1(~k) · ~J2(−~k)
k
e−ka


(7)
where ~k = (kx, ky, kt), k = |~k| and we used translation invariance. In the
usual case of two conducting plates both ~J1(k) and ~J2(k) have two transverse
degrees of freedom fixed by the current conservation condition: ~k · ~J = 0. In
the case of specific conduction directions, ~J1(k), and likewise ~J2(k), have only
one allowed non-zero component determined by current conservation and by
the demand that its spatial part (Jx, Jy) is along the direction of conduction.
Let us denote the cosine of the angle between the directions of ~J1(~k) and
~J2(~k) by α(~k) (with ~J1, ~J2 an ordinary Euclidean vector). Then we can write
for Z:∫
DJ(~k) exp −
∫
d3k

J1(~k)J1(−~k) + J2(~k)J2(−~k)
k
+
2J1(~k)J2(−~k)α(k)
k
e−ka


(8)
where the Ji(~k) ~Ji are scalars and the reality of J(x) implies:
[Ji(~k)]
∗ = Ji(−~k) (9)
Since the action is quadratic, Z is given by the corresponding determinant
which is just the product of the two-dimensional determinants corresponding
to the various value of ~k. Hence
Z =
∏
~k
det

 1k αkˆ)k e−ka
α(kˆ)
k
e−ka 1
k


−1/2
(10)
lnZ = −
1
2
∑
~k
ln det(. . .)
= −
1
2
AT
∫
d3k
(2π)3
ln
∣∣∣∣∣
1
k
α(k)
k
e−ka
α(k)
k
e−ka 1
k
∣∣∣∣∣
= −
1
2
AT
∫
d3k
(2π)3
ln
(
1− α2e−2ka
k2
)
= −
1
2
AT
∫ d3k
(2π)3
ln(1− α(kˆ)2e−2ka) + const. (11)
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where the area-time AT came from density of states factor [9]. It corresponds
to having ∑
k
→ V
∫
d3k
(2π)3
(12)
the usual quantization of continuous modes in a box of volume V . Note that
the last integral in Eq. (11) is well defined and convergent. To obtain it, we
discarded the infinite
AT
∫ d3k
(2π)3
ln k2 (13)
term which does not depend on a or the angle β between the directions
of conductivity in the two plates and hence does not contribute to Casimir
forces/torque [9]. Identifying lnZ = −ET we get finally:
E
A
=
1
2
∫
d3k
(2π)3
ln(1− α(kˆ)2e−2ka) (14)
or using integration by parts (with respect to k after separating
∫
d3k =∫
dΩ
∫
k2dk):
E
A
= −
∫
d3k
(2π)3
ka
3
α(kˆ)2e−2ka
1− α(kˆ)2e2ka
= −
1
48a3
∫
d3k
(2π)3
kα(kˆ)2
ek − α(kˆ)2
(15)
where in the last step we multiplied numerator and denominator by e2ka and
changed variables 2ka→ k.
We next find an explicit expression for α(kˆ). To this end, let us denote
by nˆ1, nˆ2 the two unit vectors in the planes of plates and perpendicular to
the direction of conduction in the first and second plate respectively. The
direction Jˆi is then determined by the conditions kˆ · ~Ji = nˆi · ~Ji = 0. Hence
α = cos( ~J1, ~J2) = cos(~k × nˆ1, ~k × nˆ2) =
(~k × nˆ1) · (~k × nˆ2)
|~k × nˆ1||~k × n2|
(16)
Choosing nˆ1 = (1, 0, 0), nˆ2 = (cos β, sin β, 0) and using polar coordinates
decomposition of k: ~k = (k sin θ cosϕ, k sin θ sinϕ, k cos θ) we find
α2 =
[cos β − sin2 θ cosϕ cos(ϕ− β)]2
(1− sin2 θ cos2 ϕ)(1− sin2 θ cos2(ϕ− β))
(17)
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Figure 1: The Casimir energy versus the angle between the directions of
conduction.
For β = 0 the integral can be calculated analytically
E0
A
= −
π2
1440a3
(18)
In this case α ≡ 1 and Eq. (14) yields
E
A
= −
1
48a3
∫
4π
(2π)3
k3dk
ek − 1
= −
1
96a3π2
∑
n
∫
∞
0
k3e−nkdk
= −
6
∑
n
1
n4
96a3π2
=
−6π
4
90
96a3π2
= −
π2
1440a3
This is exactly half the usual Casimir energy, as expected since only one
polarization contributes providing a nice check of the calculation.
For general β numerical integration of Eq. (15) yields E(a, β)/E(a, 0) as
plotted in Fig. 1.
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In addition to the β dependent Fcas = −
∂
∂a
E(a, β),
−
∂
∂β
Ecas(a, β) = τcas(a, β) (19)
is a Casimir torque tending to align the plates so that β = 0, i.e. parallel
conductivity directions and minimal energy are achieved. Since torques are
easier to measure, τcas(a, β) could perhaps be tested to a better accuracy
than Fcas(a) or Fcas(a, β) –though extreme, global, flatness will be required
to avoid friction due to microscopic roughness, as the circular plates rotate
relative to each other.
We note that for non-circular plates, or when we have broad conducting
stripes, another aligning torque results from the preference to have maximal
adjacent plate area. Clearly, this trivial geometrical effect is not the subject
of interest here. The following comments are in order:
(i) The mode sum/integral in Eq. (2) involved in the usual derivation is very
different from that in the present derivation. In particular, beyond our
discarding of the a, β independent infinite part in the last step of Eq.
(11), no regularization is required here. Also extending the standard
method to derive our result for β 6= 0, seems rather difficult.
(ii) The only relevant distance in this problem is the space-like plate sepa-
ration involved here. This problem as well as any other static Casimir
calculation can therefore be done directly by the Euclidean path inte-
gral with Z = e−ET and no Wick rotation is needed.
(iii) The present method was applied also to other geometries (spherical,
cylindrical, etc.) The known Casimir energies were retrieved though
not with extra ease or rigor.
(iv) For the case of two magnetic/electric polarizable objects much smaller
than their separation the present formalism readily yields the usual
Casimir–Polder result for the potential between polarizable atoms [10].
(v) Finite temperature can be easily incorporated into the present approach,
by replacing the Kt integration in Eq. (14) by a discrete sum. We can
also generalize to the case of n 6= 3 dimensions, by replacing d3k there
by dnk.
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(vi) The present approach can be readily generalized to time dependent
boundary condition. As noted also by Golestanian and Kardar (see
Ref. 7 above), this can result in “Casimir radiation”. In particular we
find that the lowest order (two-photon amplitude is simply given by
〈0|k1~ǫ1, k2~ǫ2〉 = αw1w2(ǫ1 · ǫ2)
∫
dτ exp[i(kµ1 + k
µ
2 ) · xµ(τ)] (20)
with α the polarizability of a neutral and small (relative to λ) object
which moves along a trajectory xµ(τ) with τ the proper time.
All of the points (iii)-(iv) will be elaborated in a longer paper by O. Kenneth.
Returning to the main theme of this Letter, we note that the naive argu-
ment of Ref. (6) that Wcas(β = 90
◦) should vanish [due to the fact that for
two arrays of orthogonal wires, the xˆ polarized modes are free to escape from
the left, say, and the yˆ polarized modes from the right] fails. As indicated
in Fig. 1, this is definitely not the case. Indeed one simple approach views
the ordinary attractive Casimir effect as the attraction between patches of
charges formed on one plate by charge separation due to quantum fluctua-
tions and patches of opposite sign, “Image”, charges induced on the other
plate. Clearly this mechanism can operate, albeit with reduced strength,
even if the two plates are made of conducting stripes pointing in orthogonal
directions.
This brings us to the final subject that we would like to mention, namely,
an analog interpretation of magnetic Casimir attraction between two con-
ducting rings.
Consider then two parallel conducting rings of size a and at a distance a
apart. The magnetic vacuum fluctuations include closed B field lines which
link both rings. These will induce, by Faraday’s law, parallel currents in the
two rings. Thus, regardless of the sign of the B fluctuation and of the ensuing
circulating current, the resulting current current forces will be attractive [12].
The fluctuations of interest are of scale λ ≈ a when the above current
- current forces on the various segments of the rings add coherently corre-
sponding to the net current flow in the rings R1, R2. If there is no net global
flux change in the rings due to the vacuum fluctuation there will be - in this
approximation - no net current and no net force.
How will this force be modified if the rings become superconducting?
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Ideally, the superconducting rings impose a new integral constraint, namely
that the total fluxes threading the various superconducting rings must be in-
teger multiples of the flux quantum: Φ = nΦ0 =
nπh¯
e
.
This implies however a strong exponential suppression. Thus if we have
a fluctuation with roughly constant B on scale a:
πBa2 ≈ nΦ0 ≈
nh¯
e
(21)
The action of such a configuration will therefore be:
A =
∫
(cB)2d3xdt ≈ π2c2B2a3
a
c
= π2c(Ba2)2 =
cn2h¯2
e2
(22)
The exponential suppression exp
[
−A
h¯
]
≈ exp
[
− n
2
αem
]
renders such fluctu-
ation and the attendant magnetic Casimir forces completely negligible.
The above considerations suggest that if the Casimir force between con-
ducting rings is constantly monitored as the temperature of the system is
lowered below the superconducting critical temperature, then the quenching
of part of the magnetic Casimir force reduces the observed effect. Hopefully,
this amusing effect can eventually be observed, but we will not elaborate here
on the conditions necessary for this.
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